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connection to diffusion models and optimal transport
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Push-forward map

Suppose we have two distributions
Model distribution

ρ0 ≈ pdata

Gaussian distribution which is easy to sample

ρ1 = N (0, I)

We can learn a push-forward map (transport map) X1,0 which satisfy

ρ0 = X1,0#ρ1

The map can be either deterministic or stochastic.
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Push-forward map: generative modeling

Training:
If ρ0 can be explicitly or implicitly estimated through X1,0, maximum
likelihood training is possible:

maxEpdata [log ρ0] or minDKL(pdata ∥ ρ0)

Otherwise, implicitly make ρ0 closer to pdata, e.g. GAN.
Sampling:

Sample x1 ∼ ρ1
Output x0 = X1,0(x1)
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Continuous normalizing flows: definition

CNF model the transport as an ODE

d
dtXτ,t(x) = vt(Xτ,t(x)), Xτ,τ (x) = x, τ, t ≥ 0

where we introduce continuous time between [0,1], and the marginal
distributions {ρt}1

0 satisfy

ρt = Xτ,t#ρτ

The transport is determined by velocity field vt(x), but we need to
solve an ODE.
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Continuous normalizing flows: density computation
The continuity equation is a PDE connecting ρ and v, which is a
special case of Fokker-Planck equation

∂tρt(x) +∇ · (vt(x)ρt(x)) = 0

Instantaneous Change of Variables[1]
d log ρt(Xτ,t(x))

dt = −∇ · vt(Xτ,t(x))

If we assume ρ1 is Gaussian, we can exactly compute ρτ (x) for any
τ, x by

ρτ (x) = ρ1(Xτ,1(x)) exp
(
−
∫ τ

1
∇ · vt(Xτ,t(x))dt

)
so we can directly train MLE using adjoint method and trace
estimator[2].
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Continuous normalizing flows: score computation

We can also evaluate the score ∇ log ρt(x) for any t, x by the
following theorem

Instantaneous Change of Score

d∇ log ρt(Xτ,t(x))
dt = −(∇vt(Xτ,t(x)))T∇ log ρt(Xτ,t(x))−∇(∇·vt(Xτ,t(x)))
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Optimal transport: basics[3]

Optimal transport cost OT(µ, ν) and optimal transport plan T∗

Monge’s Formulation

OT(µ, ν) = inf
T#µ=ν

∫
X

c(x,T(x))dµ(x)

Kantorovich’s Relaxation

OT(µ, ν) = inf
π∈Π(µ,ν)

∫
X×Y

c(x, y)dπ(x, y)
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Optimal transport: basics

Kantorovich’s Duality

OT(µ, ν) = sup
u,v

{∫
X

u(x)dµ(x) +
∫
Y

v(y)dν(y) : u(x) + v(y) ≤ c(x, y)
}

which can be expressed using c-transforms
uc(y) = infx∈X {c(x, y)− u(x)}, vc(x) = infy∈Y{c(x, y)− v(y)}
Primal-dual relationship
For c(x, y) = h(x − y) with strictly convex h and µ is absolutely
continuous supported on the compact set

T∗(x) = x − (∇h)−1(∇u∗(x))
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Optimal transport: Wasserstein-1 case

Wasserstein-1 distance: OT cost when c(x, y) = ∥x − y∥1

The simplified form

W1(µ, ν) = sup
∥u∥L≤1

{∫
X

u(x)dµ(x)−
∫
Y

u(y)dν(y)
}

WGAN:
ν: data distribution
µ: generator
u: discriminator
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Optimal transport: Wasserstein-2 case

Wasserstein-2 distance:
√

OT cost when c(x, y) = 1
2∥x − y∥2

2
Define f(x) = 1

2∥x∥2
2 − u(x), g(y) = 1

2∥y∥2
2 − v(y), then

f(x) + g(y) ≥ ⟨x, y⟩. The simplified form is

W2
2 (µ, ν) = Cµ,ν − inf

f∈CVX(µ)

{∫
X

f(x)dµ(x) +
∫
Y

f∗(y)dν(y)
}

where f∗(y) = supx∈X {⟨x, y⟩ − f(x)} is convex conjugate,
Cµ,ν = 1

2E[∥x∥2
2 + ∥y∥2

2] is constant.
Max-min optimization of convex functions, see ICNN[4].
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Diffusion models

Define a fixed forward diffusion process, with initial distribution
q0 = pdata

dxt = f(t)xtdt + g(t)dwt

where wt is Wiener process.
The marginal distribution of xt is qt, where q1 is close to Gaussian.
The transition kernel q0t is tractable

q0t(·|x0) = N (αtx0, σ
2
t I)

and have relationship with forward SDE

f(t) = d logαt
dt , g2(t) = dσ2

t
dt − 2d logαt

dt σ2
t
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Backward SDE and probability flow ODE

We have the following two dynamics that produce the same marginals as
{qt}1

0
Backward SDE, starting from q1

dxt = (f(t)xt − g2(t)∇ log qt(xt))dt + g(t)dwt

Probability flow ODE

dxt
dt = vt(xt) = f(t)xt −

1
2g2(t)∇ log qt(xt)

where log qt(xt) is true score of forward diffusion.
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Flow matching: motivation

Types of training CNF
Simulation-based: need to simulate the model ODE dxt

dt = v̂t(xt) to get
samples on the trajectory, e.g. directly train MLE using change of
variable.
Simulation-free: no need to simulate the model ODE.

Since sampling from diffusion marginal qt is easy, we can match the
model velocity field v̂t(x) to vt(x), that of the probability flow ODE.
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Flow matching objective

We define the following objectives[5]
Flow matching

H(v̂) = Et,x∼qt [∥v̂t(x)− vt(x)∥2
2]

Conditional flow matching

G(v̂) = Et,x0∼q0,x1∼q1 [∥v̂t(It(x0, x1))− ∂tIt(x0, x1)∥2
2]

where It(x0, x1) is the diffusion trajectory from x0 to x1:
It(x0, x1) = αtx0 + σtx1.
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Conditional flow matching: illustration

x0 ∼ q0 x1 ∼ q1

v = ∂tIt(x0, x1) = α̇tx0 + σ̇tx1

minθ Ex0,x1,t
[
∥vθ(xt, t)− v∥2

2
]

xt = It(x0, x1) = αtx0 + σtx1

The path is straight when αt + σt = 1.
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Flow matching: equivalence and Wasserstein-2 bound

It’s easy to prove that FM and CFM are equivalent. Actually, they are
reparameterization of score matching and denoising score matching.

Equivalence of FM and CFM[5], [6]

G(v̂) = H(v̂) + C(v)

where C(v) is a constant to v̂. When v̂ = v, they both reach minimum.

Besides, [5] proves that the FM objective bound the Wasserstein-2
distance between the model distribution p0 and the data distribution
q0

Wasserstein-2 bound for FM
W2

2 (q0, p0) ≤ e1+2K̂H(v̂)

where K̂ is Lipschitz constant of v̂.
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Experiments: flow matching
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Experiments: flow matching

OT path and flow matching are more robust to different sampler and
fewer steps
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Towards optimal transport: rectified flow

When It(x0, x1) = (1 − t)x0 + tx1, the path It(x0, x1) is straight for a
pair of given (x0, x1), but the optimal vt is not straight.
[7] propose to rectify the learned ODE many times

v(k+1) = argmin
v

Et,x0∼q0,x1=X(k)
0,1(x0)

[∥x1−x0−vt(xt)∥2
2], xt = (1−t)x0+tx1
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Rectified flow: properties[8]

In the first step, x0, x1 are independently sampled from q0, q1. In the
following rectified steps, x1 is determined by x0 using the transport
map of last step’s flow.
v(k) preserves the marginal distribution q0, q1.
v(k+1) yields no larger convex transport cost than v(k).
A coupling (x0, x1) is called straight if x1 = X(k)

0,1(x0) = X(k+1)
0,1 (x0).

It’s necessary if (x0, x1) is c-optimal transport.
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Experiments: rectified flow
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Direct training of CNF: problem

Complex dynamics
Low quality samples
Large number of evaluation
steps
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Regularization

To simplify the dynamics, a simple method is to regularize the L2
transport cost[9], [10]

Et,x∼ρt [∥vt(x)∥2
2]

Recently, [11], [12] gives similar results about the ”steepest flow” to
minimize DKL(ρt ∥ ρ1).
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The steepest flow

Under the Wasserstein-2 metric in probability space, the steepest flow
to minimize the free energy

F(ρ) =
∫

ρ(x) log ρ(x)dx +
∫

V(x)ρ(x)dx

is the Wasserstein gradient flow, which satisfy the Fokker-Planck
equation

∂tρ = ∇ · (ρ∇V +∇ρ)

Its time discretization is called JKO scheme

ρ(k+1) = argmin
ρ

F(ρ) + 1
2hW

2
2 (ρ

(k), ρ)
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The steepest flow

When V = − log ρ1, the free energy is KL divergence
F(ρ) = DKL(ρ ∥ ρ1).
In this case, the dynamics of the steepest flow satisfies

vt(X0,t(x)) = ∇ log ρ1(X0,t(x))−∇ log ρt(X0,t(x))

This equation can act as a regularizer:
vt is parameterized by network
ρ1 is known (e.g. Gaussian)
∇ log ρt i.e. score can be computed by solving ODE (instantaneous
change of score)
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Comparisons

Simulation-free
Matching a fixed forward process
Simple to train
Can be used on high-dimensional data
State-of-the-art likelihood, better than autoregressive models

Simulation-based
Free-form
Complex to train
Need regularization
Often used on toy data
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Discuss: why ODE, not SDE

For sampling
SDE’s stochasticity makes the sampling (using backward SDE)
unstable. (hundreds of steps)
ODE’ determinism and various mature samplers allow the development
of fast sampling algorithms e.g. DDIM, DPM-Solver. (10~20 steps)
In pursuit of extreme quality, SDE>ODE (e.g. 1000 steps).

For evaluating ρt
We are actually solving the associated PDE (Fokker-Planck equation)

∂tρt(x) = −∇ · (f(xt, t)ρt(x)−
1
2g2(t)∇ρt(x)), ρ0 = pdata

We can evaluate expectation quantity Ex∼ρt [f(x)] by simulating the
forward SDE
But for point estimation ρt(x) and quantities like entropy
St = Ex∼ρt [− log ρt(x)], we need to learn an ODE[13]
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Some interesting problems

Optimality of different diffusion schedule
How to analyse parameterization’s effect on learning
How to design flow matching weight when training sample quality
Connection to Schrödinger Bridge
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Thank you!
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