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• Background: Velocity Field (VF) for Generative Modeling

• PFGM: VF defined by Poisson Flow

• PFGM++: bridging PFGM and Diffusion Models

• Summary

Content
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we only care about continuous case/ODE form



For 𝑁-dimensional data 𝒙0

Diffusion models:

• 𝒗 is the flow of diffusion process

• 𝑞1 is (approximate) Gaussian

Generative Modeling Through Velocity Field
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𝑑𝒙𝑡
𝑑𝑡

= 𝒗(𝒙𝑡, 𝑡)

𝑞0 𝑞1

Data distribution Prior distribution (easy for sampling)

degeneration

generation



Two ODEs:

Objective:

But 𝒗(𝒙, 𝑡) is not tractable

Learn to Generate by Matching Velocity Field
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𝑑𝒙𝑡
𝑑𝑡

= 𝒗(𝒙𝑡, 𝑡)
𝑑𝒙𝑡
𝑑𝑡

= 𝒗𝜃(𝒙𝑡, 𝑡)

Pre-defined; Gound-truth Model 

𝐸𝑡 𝒗𝜃 𝒙, 𝑡 − 𝒗(𝒙, 𝑡) 2
2For any point 𝒙𝜖R𝑁, minimize



Solution:

1. Regress 𝒗 𝒙, 𝑡 unbiasedly:

• Suppose we pre-define not the marginal 𝑞𝑡, but the transition kernel 𝑞0𝑡, so that

• And the corresponding conditional velocity 𝑣0𝑡 in the conditional ODE

• By the continuity equation, we can prove [3]

Transition Kernel and Conditional Velocity
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𝑞𝑡 𝒙 = න𝑞0 𝒙0 𝑞0𝑡 𝒙 𝒙0 𝑑𝒙0

𝑑𝒙𝑡|𝒙0
𝑑𝑡

= 𝒗0𝑡(𝒙𝑡|𝒙0)

𝑞0𝜖 𝑞01

𝒗𝑡 𝒙 =
𝑞0 𝒙0 𝑞0𝑡 𝒙 𝒙0 𝒗0𝑡(𝒙|𝒙0)𝑑𝒙0

𝑞𝑡(𝒙)



Usually, we define simple transition 𝑞0𝑡

• Sample from 𝑞𝑡 is easy

• ∇ log 𝑞0𝑡, 𝒗0𝑡 is tractable

We have the relation

Score Matching and Flow Matching
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∇ log 𝑞𝑡 (𝒙) = 𝐸𝑞𝑡0(𝒙0|𝒙) ∇ log 𝑞0𝑡 𝒙|𝒙0

𝒗 𝒙, 𝑡 = 𝐸𝑞𝑡0(𝒙0|𝒙) 𝒗0𝑡(𝒙|𝒙0)

min
𝜃

𝐸𝑞0 𝒙0 𝑞0𝑡(𝒙𝑡|𝒙0) 𝒔𝜃 𝒙𝑡, 𝑡 − ∇ log 𝑞0𝑡 𝒙𝑡|𝒙0 2
2

min
𝜃

𝐸𝑞0 𝒙0 𝑞0𝑡(𝒙𝑡|𝒙0) 𝒗𝜃 𝒙𝑡, 𝑡 − 𝒗0𝑡(𝒙𝑡|𝒙0) 2
2

Denoising score matching

Conditional flow matching
intractable posterior



1. Regress 𝒗 𝒙, 𝑡 unbiasedly

2. Estimate 𝒗(𝒙, 𝑡) biasedly using a batch of reference samples:

• The data distribution can be viewed as N discrete points

• Then

Biased Estimator Using Finite Points
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𝑞0(𝒙) =
1

𝑁


𝑖
𝛿(𝒙 − 𝒙(𝑖))

𝑞𝑡 𝒙 =
1

𝑁


𝑖
𝑞0𝑡 𝒙 𝒙(𝑖)

∇ log 𝑞𝑡 (𝒙) =
σ𝑖 𝑞0𝑡 𝒙 𝒙(𝑖) ∇ log 𝑞0𝑡 𝒙|𝒙(𝑖)

σ𝑖 𝑞0𝑡 𝒙 𝒙(𝑖)

𝒗𝑡 𝒙 =
σ𝑖 𝑞0𝑡 𝒙 𝒙(𝑖) 𝒗0𝑡(𝒙|𝒙

(𝑖))

σ𝑖 𝑞0𝑡 𝒙 𝒙(𝑖)

Marginal density

Score

Velocity field

Biased but lower variance



In diffusion models, we pre-define noise schedule 𝛼𝑡, 𝜎𝑡, then

• 𝑞0𝑡 𝒙𝑡 𝒙0 = 𝑁(𝒙𝑡; 𝛼𝑡𝒙0, 𝜎𝑡
2𝑰)

• ∇ log 𝑞0𝑡 𝒙𝑡|𝒙0 = −
𝒙𝑡−𝛼𝑡𝒙0

𝜎𝑡
2 = −

𝜺

𝜎𝑡

• 𝒗0𝑡 𝒙𝑡|𝒙0 = ሶ𝛼𝑡 −
ሶ𝜎𝑡

𝜎𝑡
𝛼𝑡 𝒙0 +

ሶ𝜎𝑡

𝜎𝑡
𝒙𝑡 = ሶ𝛼𝑡𝒙0 + ሶ𝜎𝑡𝜺

Are there other types of pre-defined velocity field to match?

Special Case: Diffusion Models
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we only care about continuous case/ODE form



Instances:

• Electric field

• Gravitational field

Poisson Equation
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Poisson equation

Poisson field density

Gauss’s law



The Poisson field satisfies

ODE (degeneration direction):

• No time anchor 𝑡 in the field.

• Limit: Uniform distribution on the N-dim hyper-hemisphere of infinite radius

Can we match            and use it for generating? No! 

Poisson Field
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surface area of (N-1)-dim unit sphere

Polynomial decay



The N-dim field can’t generate.                        Add an additional dim z. Stop when z hit 0.

• z also acts as a time anchor

Learn the (N+1)-dim Field
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Normalized velocity. But any factor will be cancelled.



Recall

• Empirical estimator (biased)

• Further, normalize the field

Learn Normalized Field
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perturb



Prior sampling on the                    hyperplane 

Prior Sampling
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1. Sample the radius from
2. Uniform sample the angle



Experiments
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Failure of VE/VP-ODEs on NCSNv2 architecture

VE transition: 

Experiments
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norm-σ correlation



Exponential decay on z for samping

Experiments
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Results for RK45 solver:

Integral form:



Likelihood evaluation and latent representation

Experiments
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we only care about continuous case/ODE form



Augment with D-dim z:

Poisson field in (N+D)-dim:

ODE: 

D-augmented PFGM
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N-dim data distribution on 𝒛 = 0 hyperplane uniform distribution on an infinite (N+D)-dim hemisphere



• Due to symmetry,  it’s sufficient to track

• By change-of-variable, we have 

• r-augmented point and field

• r-anchored ODE

r-anchor
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(Old) biased estimator

(New) unbiased regression

• Transition kernel of r-augmented Poisson field

Training Objective
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𝑞0𝑡

1. Sample

2. Uniform sample the angle



(New) unbiased regression

• Transition kernel of r-augmented Poisson field

• To obtain the conditional velocity 𝒗0𝑡

• Predict the normalized conditional velocity

Training Objective
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𝑞0𝑡

𝒗𝑡 𝒙 =
𝑞0 𝒙0 𝑞0𝑡 𝒙 𝒙0 𝒗0𝑡(𝒙|𝒙0)𝑑𝒙0

𝑞𝑡(𝒙)

𝒗0𝑟 𝒙 𝒚 =
𝑝𝑟 𝒙

𝑆𝑁+𝐷−1
(𝒙 − 𝒚)

𝒙 − 𝒚 2
𝑁+𝐷



This is similar to VE schedule in diffusion models

In the limit D→∞ :

Diffusion Models as D→∞ Special Cases
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𝒗0𝑟 𝒙 𝒚 =
𝑝𝑟 𝒙

𝑆𝑁+𝐷−1
(𝒙 − 𝒚) ∝ 𝒙 − 𝒚

∇ log 𝑝0𝑟 𝒙 𝒚 ∝ 𝒙 − 𝒚 conditional score

conditional velocity

same direction!

𝑞0𝑡 𝒙𝑡 𝒙0 = 𝑁(𝒙𝑡; 𝒙0, 𝜎𝑡
2𝑰)

Score in VE DMsVF in PFGM



In the limit D→∞ :

Alignment relation: 𝑟 = 𝜎 𝐷

• Limit of transition kernel

• Limit of training objective

Alignment Relation
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Score in VE DMsVF in PFGM

𝑟 = 𝜎 𝐷, 𝐷 → ∞

DSM/FM in PFGM DSM/FM under VE in DMs



• Align hyperparameters

• Align the training and sampling algorithm with EDM [5]

Alignment Instances
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Experiments
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Robustness                                                         Rigidity

Balancing Robustness and Rigidity
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𝐷 = 1
• Less norm-σ correlation
• Tolerate to errors
• Better on weak networks

𝐷 = ∞
• Narrow range of norm
• Sensitive to errors
• Better to fit for high-capacity networks



Post-training quantization                              Controlled noise injection in training

Demonstration of Robustness
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• D-augmented PGFM 

• Balancing robustness and rigidity

• Alignment with DMs, outperform EDM by tuning D

Summary
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Under the framework of VF:

Summary
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PFGM DM (VE)

Time Anchor 𝑡 𝑟 𝜎

𝑞0𝑡 ∝
1

𝒙𝑟 − 𝒙0 2
2 + 𝑟2 (𝑁+𝐷)/2 ∝ 𝑒

−
𝒙𝜎−𝒙0 2

2

2𝜎2

𝒗0𝑡
𝑞𝑟 𝒙𝑟
𝑆𝑁+𝐷−1

(𝒙𝑟 − 𝒙0)
𝒙𝜎 − 𝒙0

𝜎

Biased Score/Velocity 
Estimator

∝

𝑖

𝒙𝑟 − 𝒙0
(𝑖)

𝒙𝑟 − 𝒙0
(𝑖)

2

2
+ 𝑟2

(𝑁+𝐷)/2 ∝

𝑖

𝑒
−

𝒙𝜎−𝒙0
(𝑖)

2

2

2𝜎2
𝒙𝜎 − 𝒙0

(𝑖)

𝜎2

Normalized Unbiased 
Score/Flow Matching Target

𝒙𝑟 − 𝒙0

𝑟/ 𝐷

𝒙𝜎 − 𝒙0
𝜎

Stable Target Field [4]
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